Introduction
Solid solubility (SS) is one of the most critical features for all the alloys, which fundamentally determines their overall physical properties, including electronic [1] [2] [3] , magnetic [4] [5] , plasmonic [6] [7] , defect [8] [9] [10] and catalytic properties [11] [12] , etc. In the past decades, several approaches have been developed to enhance the SS of alloys via the development of various specific growth conditions [6] [7] [8] 11, 13] . In particular, the SS of semiconducting alloys not only depends on their intrinsic structural properties, but also strongly depends on the electronic structures of the host materials [1] [2] [3] [4] [5] [8] [9] [10] 14] . The existence of strong phase inhomogeneity, caused by the poor SS, has been a big issue to restrict some semiconducting alloys in their practical applications.
Nitrides have great potentials for solid-state lighting (SSL) [15] . In1−xGaxN alloys have appeared to be one of the most important monolithic alloys for white light-emitting-diodes (LEDs).
Unfortunately, the poor SS around x=0.5 in In1−xGaxN, induced by the large lattice mismatch (>10%) between InN and GaN, have strongly restricted their efficiency for white SSL [15, 16] .
Since 2D boron nitride (BN) was discovered as a promising material for deep-UV SSL [17, 18] , tremendous efforts have been developed to alloying graphene into BN forming BNC solid solutions in order to realize a tunable bandgap (Eg) in the entire visible spectrums, so that they might replace In1−xGaxN for white SSL [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . However, although the lattice mismatch between BN and graphene is much smaller (<2%) than that of InxGa1−xN, it is widely found that the SS of BNC is even much poorer than that of In1−xGaxN [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , mostly due to the imbalanced valence electrons of alloyed elements.
In the experiments, ammonia borane (BNH6) molecules are widely adopted as precursors to epitaxially grow BN or BNC alloys [19, [32] [33] , which means that the amount of B and N atoms are mostly equal in the BNC, i.e., forming (BN)1−x(C2)x, alloys. Although extensive experimental studies have been done on the SS issue of (BN)1−x(C2)x [19] [20] [21] [22] [23] [24] [25] [26] [27] , an effective approach to realize the (BN)1−x(C2)x solid solutions in the entire x is still lacking. On the other hand, in the previous theoretical studies [28] [29] [30] [31] , no clear mechanism was proposed to achieve the ordered or disordered (BN)1−x(C2)x solid solutions. Therefore, (BN)1−x(C2)x alloys, dominated by the large-scale BN and C domains, mostly behave as very poor electronic properties instead of widely tunable Eg in all the experiments [19] [20] [21] [23] [24] [25] [26] [27] .
It is expected that the reduction of structural dimensionality from 3D to 2D could bring new opportunity to modulate the SS of an alloy system. In this article, we have developed an effective idea to overcome the phase inhomogeneity in (BN)1−x(C2)x. Importantly, a novel mechanism of symmetry-allowed selective orbital coupling between high energy wrong-bond states and specific substrate-mediated surface states has been proposed to stabilize the wrong-bond states and in turn significantly enhances the SS of (BN)1−x(C2)x alloys. Surprisingly, we demonstrate that five ordered (BN)1−x(C2)x alloys can be spontaneously formed at different x when (BN)1−x(C2)x is grown on hcp-phase Cr(0001), which have a widely tunable direct quasi-particle Eg from 1.35 to 3.99 eV. Meanwhile, the optical transitions around the band edges in these ordered alloys are significantly strong, which are accompanied by largely tunable exciton binding energies of ~1 eV at different x. Moreover, we demonstrate that the calculated miscibility temperature (Tc) of (BN)1−x(C2)x grown on Cr(0001) can be dramatically reduced from ~5600 to ~1200 K. Once the disordered (BN)1−x(C2)x alloys can be formed, they can exhibit a fully tunable Eg from 0 to ~6 eV in the entire x.
Results
Cluster Expansion Models The (BN)1−x(C2)x system can be effectively considered as a quasibinary system [29, 34] , so that the cluster expansion (CE) theory based on first-principles calculations can be applied to calculate the formation energies (Ef) of a large number of (BN)1−x(C2)x alloys [14, 35] . The basic idea of CE is to expand the energies of a (BN)1−x(C2)x configuration into energy contributions of cluster figures (single atoms, pairs, triples, etc.) based on a generalized Ising Hamiltonian:
The index i, j, and k run over all the alloy sites, and Sm(σ) is set to +1 (-1) when it is occupied by BN (C2) dimer. It is noted that the first two terms on the right-band side of Eq. (1) define the linear dependence of the energy of a (BN)1−x(C2)x configuration as a function of x, while the third and fourth terms contain all pair and three-body interactions, etc. Every cluster figure is associated with an effective cluster interaction (ECI) Jα, which indicates the energy contribution of a specific cluster figure to the total energy. Ideally, the CE can represent any (BN)1−x(C2)x alloy energy E(σ)
by the appropriate selection of Jα, which can be fitted from first-principles total energy calculations based on a sufficient number of alloy configurations [14] . The cross-validation score is set to 0.05eV and we have further confirmed the convergence of our CE fitting by adding more alloy configurations in the test calculations. To calculate the binary phase diagram of (BN)1−x(C2)x , Monte Carlo (MC) simulations, which sample a semi-grand-canonical ensemble, are carried out in which the energetics of (BN)1−x(C2)x are specified by the CE Hamiltonian [36] . the other hand, although πNC can be pushed down to a lower energy position than that of πBN/πCC, due to the stronger N-C orbital coupling strength (dN−C=1.38 Å), the high-energy π * NC is unavoidable to be partially-occupied based on the electron counting. In practice, the charge transfer from π * NC to πBC may occur to make the π * NC (πBC) orbitals fully empty (occupied), in order to lower the total energy of the system. Therefore, it turns out that the high energy position of (occupied) πBC could be the most critical factor that make the wrong-bonds in (BN)1−x(C2)x unstable. Consequently, large BN and C domains always forming in a (BN)1−x(C2)x, i.e., the less number the wrong-bonds, the lower total energy the (BN)1−x(C2)x. The key to enhance SS of (BN)1−x(C2)x is to stabilize the B-C and N-C wrong-bonds, i.e., the πBC level must be pushed down to a comparable or even lower energy position than that of πBN/ πCC. In a conventional 3D alloy, it is extremely difficult to modulate the orbital levels of wrongbonds hidden in the bulk via external approaches. However, it is expected that the reduction of alloy dimensionality from 3D to 2D could bring new opportunity to modulate its SS, as the surface wrong-bond orbitals are touchable and could be further modulated by the external orbital engineering mediated by its surrounding environments. In practice, since (BN)1−x(C2)x alloys are 6 usually grown on a variety of transition-metals (TMs), e.g., fcc-phase Cu and Ni [19] [20] [21] [22] [23] [24] 37] , by CVD methods, the external orbital coupling could occur at the surfaces of underneath TMs.
Phase Inhomogeneity in
Unfortunately, an effective concept on substrate-enhanced SS in (BN)1−x(C2)x is still lacking, which is the main purpose of our study. 
Phase Inhomogeneity of (BN)1−x(C2)x Grown on Cu(111) or Ni(111)
It is curious to further understand the substrate effects on the SS of (BN)1−x(C2)x. Here the Cu(111) and Ni(111) are selected as representatives not only because they are widely adopted in the current experiments, but also because they are convenient for affordable large-scale alloy calculations with small lattice mismatch (<2%) (See Table 1 (Fig. 2c ) and in turn slightly reduce its Tc (Fig. 2d) . Indeed, the calculated Tc∼ 4850 K for (BN)1−x(C2)x/Ni(111), which is ∼450 K lower than that of (BN)1−x(C2)x/Cu(111) but still impossible to be achieved [21, 37] . Based on the extensive calculations, we successfully discover that the hcp-phase Cr, a metastable
Realization of
Cr phase existing in the experiments [38, 39] , is such an ideal substrate example for realizing this mechanism. The lattice mismatch between Cr(0001) and (BN)1−x(C2)x is also small (<2%) (See Table 1 S6-S7 in Supporting Materials). To further confirm the reliability of our quasi-binary-CE-based structural search, we have considered a more general situation of BNC ternary alloys on Cr (0001) based on the ternary-CE-based structural search approaches [40] . As shown in Fig. S8 in the Supporting Materials, the additional calculations further confirm that the ground-states shown in Therefore, the strong dz2-πBC coupling can significantly broaden, split and push πBC down to a much lower energy positions (even lower than that of πBN/πCC for a large percentage of πBC states) and resonant inside the valence band. Meanwhile, it is found that the dz2-π * NC orbital coupling can also push the empty π * NC states down below the VBM to be partially occupied and therefore gain energy, as shown in Fig. 3b . However, the orbital coupling strength between dz2-πBC is significantly stronger than that between dz2-π * NC. After selective orbital coupling of dz2-πBC and dz2-π * NC, the B-C/N-C wrong-bond states can be successfully stabilized in (BN)1−x(C2)x/Cr(0001).
We have further plotted the charge density difference before and after the (BN)4(C2)2 grows on Cr(0001), as shown in Fig. 3c . Interestingly, the largest charge transfer occurs around the region between the B-C wrong-bonds and Cr(0001), which further confirms that the orbital hybridization of dz2-πBC is stronger than that of dz2-π
The large bond-length differences between B-C/N-C and B-N/C-C bonds in (BN)1−x(C2)x can induce local imbalanced strain fields, which is configuration-dependent and can cost energy. The competition between energy-gain (from orbital coupling) and energy-cost (from the local strains)
will effectively determine the structural characteristics [e.g., ultra-narrow BN-C nanoribbon superlattice structures (Fig. 2e) ] as well as the amount of wrong-bonds in the (BN)1−x(C2)x groundstates. To confirm our conclusion, taking (BN)3(C2)3 as a typical example, we have constructed a sufficient number of (BN)3(C2)3 configurations that have much more wrong-bonds than the ground-state structure shown in Fig. 2e . Generally, we find that all of these (metastable) structures have larger strain energies and higher Ef than that of the ground-state one (See Fig. S9 and Table   2 in the Supporting Materials). Therefore, the configurations with a larger number of wrong-bonds could have larger structural strain fields and higher Ef compared to that of ground-state configurations.
Exfoliation of (BN)1−x(C2)x from Cr(0001)
The interaction with Cr substrate could make the whole (BN)1-x(C2)x/Cr system metallic. Therefore, (BN)1-x(C2)x monolayer need to be peeled off for practice applications. In experiments, various methods, e.g., wet transfer technique [42, 43] or atom/molecule intercalation [44] [45] [46] , have been developed to exfoliate monolayer materials from different substrates. Here we suggest that the free-standing (BN)1-x(C2)x might be obtained by intercalating inert He atoms after the growth process, as shown in Fig. S10 in the Supporting Materials. After growth, the He atoms could be injected into the interfacial space of (BN)1- Moreover, it is noticed that a new approach, i.e., synthesis-transfer-fabrication process, has recently been developed to realize the device application for monolayer materials with strong substrate interactions, even without the exfoliation process. It has been successfully applied to the silicene/Ag system [47] . It is expected that this approach could also been applied to the (BN)1-
x(C2)x/Cr(0001) system for further device applications.
Stability of Ordered (BN)1−x(C2)x Alloys
We have systemically checked the dynamical and thermal stability of (free-standing) ordered (BN)1-x(C2)x monolayers after exfoliation using firstprinciples phonon spectrum and molecular dynamical (MD) calculations, respectively. As shown in Fig. S11 in the Supporting Materials, no imaginary frequency is found in the phonon spectra of these five ordered (BN)1-x(C2)x, which means that they are dynamically stable. To confirm the thermal stability of the ground states, the large supercells of >120 atoms are constructed for these five ordered alloys (the same structures used for phonon spectra). The first-principles MD simulations are performed with a Nose-Hoover thermostat at 1000 K. The 
Electronic and Optical Properties of Ordered (BN)1−x(C2)x Alloys
The quasi-particle band structures of these five ordered (BN)1−x(C2)x alloys are calculated based on GW calculations (at the G0W0 level). The excitonic effects of these five ordered (BN)1-x(C2)x ground-states are then considered by solving the Bethe-Salpeter equation (BSE) based on their calculated quasi-particle band structures. As a benchmark, the GW band structure and optical spectrum of monolayer BN are also calculated (see Fig. S13 in the Supporting Materials), which is in good agreement with the previous calculations [48, 49] .
As shown in Fig. 4a , all these five ground-states have promising direct gaps ranging from 1.35 to 3.99 eV. The conduction and valence band edges of these band structures are contributed by π * NC and πBC states, respectively, which can induce relatively flat band dispersions. It is expected that these flat bands around the band edges can result in high electron-hole pair intensities during either the optical absorption or emission [50] .
As a typical example, Fig. 4b shows the calculated absorption spectra of (BN)3(C2)1 with electron-hole interaction (GW-BSE) and without electron-hole interaction (GW-RPA). The optical spectra of other four ordered (BN)1-x(C2)x alloys can be found in Fig. S14 in the Supporting Materials. Indeed, the calculated absorption spectra confirm that the optical dipole transitions between π * NC and πBC at these band edges are not only allowed but also have much stronger intensities than that of BN. As shown in Fig. 4b , the GW-BSE-calculated optical spectrum of range. Interestingly, the highest Tc for these ordered configurations is ~1200 K (See Fig. S15-Fig.   S19 in the Supporting Materials for the MC simulations), as shown in Fig. 5a . Therefore, it is reasonable to expect that the highest Tc of (BN)1−x(C2)x on Cr(0001) in the entire x is also ~1200 K, as the ground-state configuration at an arbitrary x is always phase separated into a linear combination of its neighboring two ordered ground-state ones. Considering the experimental temperature (>1000 K) on growing (BN)1−x(C2)x [19] [20] [21] [22] [23] [24] , the homogenous (BN)1−x(C2)x may be successfully achieved in the entire x range, which is a great improvement compared to the previous efforts [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . In order to estimate the Eg of disordered (BN)1−x(C2)x as function of x, 6 largesupercell special quasi-random structures (SQS) are selected (See Fig. S20 in the Supporting Materials) [14, 51] . Since it is very challenging to calculate the GW band structures of these SQS structures, the HSE06 functional calculations are adopted. As shown in Fig. 5b , the HSE06-calculated Eg of disordered (BN)1−x(C2)x could be continually tuned from 0 to 5.7 eV (See Fig. S21 in Supporting Materials). Our calculations strongly indicate that (BN)1−x(C2)x could be the first monolithic alloy systems that can cover the entire energy range from infrared to deep-UV spectrums, as long as they can be grown on Cr or other similar functional substrates in the future experiments.
Conclusion
In conclusion, a novel mechanism of selective orbital coupling between wrong-bond states and surface states mediated by the substrates has been proposed to significantly enhance the SS of 2D
(BN)1−x(C2)x alloys. Based on this mechanism, we have discovered that ordered and disordered solid solutions could be obtained when (BN)1−x(C2)x is grown on Cr(0001). Our discovery not only resolves the long-standing SS problem of BNC alloys, but also could significantly extend their great potentials for electronic and optoelectronic applications. 
Methods
All the first-principles density functional theory (DFT) calculations are preformed using VASP package with the GGA-PBE for exchange correlation functional [52] . The cut-off energy for plane wave basis is set to be 520eV. A Γ-centered k-point grid that is generated automatically (2000 kpoints per reciprocal atom) to make the mesh as uniform in the reciprocal space for different alloy structure. The convergence criterions of electronic step iteration for structural relaxation and a static run after the relaxation are 10 −5 eV and 10 −6 eV respectively. The vacuum layer is chosen for > 12 Å to eliminate the spurious periodic errors along the z direction. A fixed volume relaxation method is applied for freestanding (BN)1−x(C2)x structures. For (BN)1−x(C2)x/TM (TM=Cu, Ni, Cr) structures, the (BN)1−x(C2)x alloys are fully optimized on the fixed cleaved three layers TM substrates. The DFT-D3 method is applied to include the van de Waals (vdW) interactions [53] .
All the structures are relaxed until the force on each atom is less than 0.01eV/ Å. To accurately estimate the band gaps, the hybrid functional (HSE06) [54] is applied to accurately estimate the electronic structures of disordered (BN)1−x(C2)x alloys.
For CE simulation, we have modified ATAT [35] code in order to effectively calculate the quasibinary (BN)1−x(C2)x alloy systems. For the MC simulations, a semi-grand-canonical ensemble is sampled on a superlattice that can contain a sphere with 35 Å radius until the averaging and equilibration time are reached and then phase boundary tracing technique is used to determine the boundary efficiently [36] .
For the electronic and optical calculations of ordered (BN)1−x(C2)x alloys, the eigenvalues and 
